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The following exercises are designed to get you thinking about and working with some of
the theoretical foundations of glacier drainage. Start at the beginning, but feel free to skip
parts or all of a section if it is not challenging for you. Sections 1, 2, and 3 are all related
to hydraulic potential analysis, so make sure to spend some time on section 4.

Symbol Description Value Units

ρi Density of glacier ice 910 kg m−3

ρw Density of water 1000 kg m−3

g Acceleration due to gravity 9.81 m s−2

R Ideal gas constant 8.314 J mol−1 K−1

L Latent heat of fusion (water/ice) 3.34 × 105 J kg−1

ci Specific heat capacity of ice 2.04 × 103 J kg−1 K−1

cw Specific heat capacity of water 4.217 × 103 J kg−1 K−1

µ Dynamic viscosity of water 1.787 × 10−3 Pa s
cT Pressure-melting coefficient 7.5 × 10−8 K Pa−1

A Flow law coefficient for isothermal ice 2.4 × 10−24 Pa−3 s−1

Table 1: Some potentially useful constants

SI unit for pressure is the Pascal (Pa). Often subglacial water pressures are described
in MPa=106 Pa.

1Pa = 1 N
m2 = 1 kg

ms2
= 1 J

m3
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1 Basic subglacial hydraulic potential equations

This section is meant to get you comfortable with the basic equations related to subglacial
hydraulic potential and conversions between different ways of representing it.

Under certain assumptions, the equation for hydraulic potential (sometimes “hydropo-
tential”) is:

φ = ρwgzb + Pw (1)

where zb is bed elevation and Pw is water pressure.

1. Make the substitution that the water pressure is a fixed fraction of floatation, k.
Hint: Write the floatation pressure as a function of the ice thickness, H.

2. Show how to obtain the equation for “hydraulic head”.
Hint: Hydraulic head represents the height water would rise in a manometer.

3. In a borehole open to the atmosphere, at what floatation fraction, k, will water overflow
onto the glacier surface?
Hint: The equation for φ is not necessarily needed.

4. Assuming a spatially constant floatation fraction, write ∂φ
∂x .

5. Write ∂φ
∂x under the common simplification that effective pressure, N , is zero. N =

Pice − Pw, where Pice = ρigH.
Hint: At what value of k does N = 0?
[Note: This is the component of the total potential gradient due to the geometry of the bed and

ice. It is Idealizedly larger than the other component which is gradients in the effective pressure. It

is sometimes called the “driving potential gradient”. Another way to think of this is as the “base”

potential gradient set by the geometry that is modified by conditions in the drainage system if it

adjusts the water pressure significantly away from the ice pressure. ]

6. At what adverse bed slope does water flow opposite to surface slope direction if water
pressure is at flotation everywhere?
Hint: Substitute in an equation defining surface elevation (if you haven’t already). Write
as an inequality where water flow changes direction and rearrange your as a factor of the
surface slope.
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7. At what adverse bed slope does water flow opposite to surface slope direction if water
pressure is 80% of overburden pressure everywhere?

8. At what k value would bed slope be equally important as the surface slope for control-
ling the hydraulic potential gradient?

[Note: This sort of analysis is sometimes referred to as the Shreve potential after Shreve (1972). It

works surprisingly well for large-scale analysis when meltwater source terms to the drainage system

are fairly uniform (e.g. Greenland in winter or Antarctica). If you have no other information (e.g.

planning a field campaign on a new glacier), this simple analysis is generally informative. But it

quickly breaks down at small-scale or when meltwater source terms or other aspects of the drainage

system vary in time or space (e.g. Greenland ablation zone or mountain glaciers in summer). ]
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2 Subglacial hydraulic potential application

For this problem you will probably want a calculator or spreadsheet.
You are engaging in a field campaign to characterize the subglacial drainage system

and its affects on the appropriately named Idealized Glacier. Before starting field work,
you select six measurement sites from looking over a topographic map (Figure 1). You
record some basic information in Table 2.
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Figure 1: Map of measurements sites on Idealized Glacier. Scale approximate.

Table 2: Elevation data for field site.
Site Distance

from termi-
nus (m)

Surface
Elevation
(m)

1 1000 1000
2 1000 1020
3 3000 1200
4 3000 1210
5 5000 1370
6 3000 1205

1. Without having in situ data, make some educated guesses. What direction is the ice
flowing? What direction is subglacial water flowing? (Qualitative answer.)

2. You’ve managed to obtain radar measurements of ice thickness at each measurement
location from a colleague by promising to share your sure-to-be groundbreaking subglacial
hydrologic analysis with them (Figure 3). With this new information you refine your esti-
mates of water flow.

4



Table 3: Addition of thickness data.
Site Distance

from termi-
nus (m)

Surface
Elevation
(m)

Ice thick-
ness (m)

1 1000 1000 120
2 1000 1020 118
3 3000 1200 148
4 3000 1210 212
5 5000 1370 172
6 3000 1205 151

a. Estimate the hydropotential at each study site and calculate the hydropotential gradient
between site pairs 5-3, 5-4, 3-1, 4-1. Where would water flow fastest, all else equal? What
assumption do you need to make regarding the water pressure?

b. How is the result sensitive to your assumption? How would your conclusion about
where water flows fastest change if the water pressure was 80% of floatation pressure ev-
erywhere? Why?

3. With knowledge in hand, you have a wildly successful field visit. In early spring
before substantial melt has occurred, you drill six boreholes to the bed to measure basal
water pressure and maintain GPS receivers at each site to measure ice surface velocity.
You add your new data to Table 4. You also determine that this glacier is temperate.
(Note: Drilling boreholes with a hot water drill is a lot easier in the summer when there is
meltwater on the surface, but ignore that for the sake of this exercise. With actual basal
water pressure measurements, you can check your previous assumptions.

Table 4: Addition of spring data.
Site Distance

from termi-
nus (m)

Surface
Elevation
(m)

Ice thick-
ness (m)

Spring
hydraulic
head (m)

Spring
ice speed
(m/d)

1 1000 1000 120 970 3.0
2 1000 1020 118 992 3.1
3 3000 1200 148 1161 5.9
4 3000 1210 212 1162 6.2
5 5000 1370 172 1328 9.3
6 3000 1205 151 1215 6.1

a. Which site has the largest water pressure? Do all sites have plausible water pressures?
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b. Which site has the largest water pressure as fraction of floatation pressure?

c. Of the four site pairs analyzed in 2a, where is the hydropotential gradient actually
greatest?

4. Despite being down one measurement site due to a faulty pressure transducer, you
bravely continue your project. You revisit Idealized Glacier in late summer and record new
water pressure and ice velocity measurements. You add them to Table 5.

Table 5: Addition of summer data.
Site Distance

from termi-
nus (m)

Surface
Elevation
(m)

Ice thick-
ness (m)

Spring
hydraulic
head (m)

Spring
ice speed
(m/d))

Summer
hydraulic
head (m)

Summer
ice speed
(m/d)

1 1000 1000 120 970 3.0 984 3.3
2 1000 1020 118 992 3.1 958 2.4
3 3000 1200 148 1161 5.9 1129 4.7
4 3000 1210 212 1162 6.2 1183 6.6
5 5000 1370 172 1328 9.3 1337 10.2

a. Where has the water pressure gone up and where has it gone down? What is the water
pressure as a fraction of overburden at each site?

b. Interpret the drainage system across glacier. What evidence are you using to make
your interpretation?

5. (bonus) You drill a new borehole #7 quite close to #5. The water level stays around
elevation 1361 m and changes little seasonally. What is going on here?
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3 1-d subglacial hydraulic potential

Following from the previous sections, the subglacial fluid potential gradient in one dimen-
sion can be written:

dφ

dx
= k ρs g

dzs

dx
+ (ρf − k ρs) g

dzb

dx
, (2)

where zs is surface elevation, zb is bed elevation, g is the acceleration due to gravity, ρs is
the density of the solid, ρf is the density of the fluid, and k is a prescribed fraction that
relates the subglacial fluid pressure to the solid overburden pressure: pf = k ps. The fluid
potential φ is closely related to the concept of hydraulic head h in groundwater hydrology
as h = φ/(ρf g).

(1) Figure 2 shows surface and bed elevation profiles of four hypothetical glaciers with
elevations (z) given in m above sea level and distance (x) given in km.

a. Sketch profiles of the hydraulic head directly on each figure that correspond to subglacial
conditions of full flotation (pw = pi) and 50% flotation (pw = 0.5 pi). The sketched profiles
should delineate the height to which water would rise in boreholes drilled to the glacier
bed. There should be two profiles sketched on each glacier.

b. Based on your sketched profiles, use arrows to indicate the direction of subglacial water
flow indicated by the hydraulic head profiles. How might the sketched profiles depart from
reality and why? Think about both time and space here.
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Figure 2: Hypothetical profiles of glacier surface and bed elevations for Question 1 (rotated
sideways). Sketch directly on the figures.
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4 Drainage conduits - flow and evolution

Question 1. Laminar vs. turbulent flow. Consider a wedge-shaped glacier that is
50 km long, 250 m thick at its maximum, and resting on a flat bed.

(a) Calculate the mean laminar flow velocity in a uniform 5 mm thick subglacial water
sheet, assuming pw = pi.

(b) What diameter pipe would be required to achieve turbulent flow with the same mean
flow velocity as in (a)?

(c) What value of the friction coefficient fR would be consistent with turbulent flow in
such a pipe? Given the range of values of the Manning roughness associated with glacier
hydraulics (0.01–0.05 m−1/3 s), does this friction factor seem a reasonable representation of
englacial/subglacial conduit roughness?

Question 2. Pressure melting. The mass rate of melting in a subglacial channel can
be given by the formula

M = −Q
L

[
∂φ

∂s
− γ

(
−∂pw
∂s

)]
, (3)

where γ = ctρwcw and is about 0.3 (check that yourself if you don’t believe me). The
melt equation expresses an energy balance between wall melting, viscous dissipation, and
heating/cooling the water to the pressure melting point. If the pressure is assumed to be
at the overburden level pw = ρig(zs− zb), how large a reverse bed slope is needed to cause
freezing instead of melting?

Question 3. Channel vs. Cavity Flow. Convince yourself that channels are efficient
drainage and linked cavities are inefficient. To make life easier, let’s ditch some of the
messy subglacial hydrology math and write simplified equations for each that hopefully
emphasize the key relationships.

Taking such liberty with channelized flow, we can roughly approximate the evolution
equation for channel area S

∂S

∂t
= Wo −Wc (4)
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by using simplified definitions for the opening and closing rates, Wo and Wc to get

∂S

∂t
=

1

ρiL

∣∣∣∣Q∂φ∂x
∣∣∣∣−AcSN

n, (5)

where channel opening is entirely through viscous dissipation and closing is by creep.
Notation is as used previously, and with Ac a creep coefficient for channels containing the
details of channel geometry.

For cavity flow, let’s consider a very basic equation for evolution of a macroporous sheet
with effective water thickness h. In this case, we’ll assume macroporous sheet opening is
entirely by sliding and closing is by creep:

∂h

∂t
= Rub −AshN

n (6)

where R is a bed roughness parameter, ub is the ice sliding speed, and As is a creep
coefficient for the macroporous sheet.

For the macroporous sheet you’ll need an additional equation for the water flux. Again
let’s use a simple choice. Following from Eq. (20) in the lecture notes, laminar flow in a
sheet, q, is

q = kh3∂φ

∂x
(7)

where k is a constant related to properties of the fluid (and potentially the medium through
which it is flowing).

Write steady-state relationships for effective pressure as a function of discharge for
each. Ignoring details like constants of proportionality and the magnitudes of exponents,
what happens to the water pressure in each type of drainage element when discharge is in-
creased? What assumption about the macroporous sheet gives it a fundamentally different
response to increasing discharge?

Question 4. Escape from Kennicott Glacier! (Creep closure). (Warning: this
question requires a bit of calculus!) Twenty-eight inquisitive summer students set off to
explore the ∼15 km-long subglacial channel in Kennicott Glacier created by the jökulhlaup
from Hidden Creek Lake.

(a) If the channel roof is initially 3 m off the ground, and the tallest student is 2 m, how fast
will the group need to travel to make the trip from Hidden Creek Lake to the Kennicott
terminus without ducking? Assume that water in the subglacial drainage system has been
rerouted such that the channel is now empty, and the ice is 350 m thick along the channel’s
length.
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(b) Is this exercise a good means of deciding whether to join the trip? What could possibly
go wrong that has not been accounted for in your calculations?

(c) Say this same 15 km tunnel was in Greenland where the ice is 1000 m thick. If you
somehow had the opportunity to traverse the tunnel, would you do it?

Figure 3: Run, don’t walk? Creep closure can cramp your style. Photo from HeadLine
Mountain Holidays, Whistler, BC, Canada.
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