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1 Flow relation for polycrystalline ice

The most widely used flow relation for glacier ice is (Glen, 1955; Steinemann, 1954)
Eij = AT"flag»l). (1)

with n ~ 3, and where €;; and ai@ are the strain rate tensor and the deviatoric stress

tensor, respectively. The rate factor A = A(T) depends on temperature and other
parameters like water content, impurity content and crystal size. The quantity 7 is the
second invariant of the deviatoric stress tensor. Several properties of Equation (1) are
noteworthy:

e Elastic effects are neglected. This is reasonable if processes on the time scale of
days and longer are considered.

e Stress and strain rate are collinear, i.e. a shear stress leads to shearing strain rate,
a compressive stress to a compression strain rate, and so on.

e Only deviatoric stresses lead to deformation rates, isotropic pressure alone cannot
induce deformation. Ice is an incompressible material (no volume change, except
for elastic compression). This is expressed as

O0vy n % i Ov, _

ox oy 0z

€ =0
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o A Newtonian viscous fluid, like water, is characterized by the wviscosity n

: 1 @
€ij = %Ji(j)' (2)

By comparison with Equation (1) we find that viscosity of glacier ice is

- 1
1= AT
e Polycrystalline glacier ice is a wviscous fluid with a stress dependent viscosity
(or, equivalently, a strain rate dependent viscosity). Such a material is called a
non-Newtonian fluid, or more specifically a power-law fluid.

e Polycrystalline glacier ice is treated as an isotropic fluid. No preferred direction
(due to crystal orientation fabric) appears in the flow relation. This is a crude
approximation to reality, since glacier ice usually is anisotropic, although to varying
degrees.

Many alternative flow relations have been proposed that take into account the compress-
ibility of firn at low density, the anisotropic nature of ice, microcracks and damaged ice,
the water content, impurities and different grain sizes. Glen’s flow law is still widely used
because of its simplicity and ability to approximately describe most processes relevant
to glacier dynamics at large scale.

1.1 Inversion of the flow relation

The flow relation of Equation (1) can be inverted so that stresses are expressed in terms
of strain rates. Multiplying equation (1) with itself gives

.. n— d) (d . 1
€ij€ij = A% 1)a§j)a,t-(j) (multiply by 5)
. ne1) L _(d) _(d

5Cii%ij = A2 5‘71%)‘%‘(]‘)

~—— —
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where we have used the definition for the effective strain rate é = €., in analogy to the

effective shear stress T = o,
. /1. .
€ = 561']'62'3' . (3)

This leads to a relation between tensor invariants
€= AT". (4)

Coincidentally this is also the equation to describe simple shear, the most important part
of ice deformation in glaciers
€re = Aalm. (5)
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Now we can invert the flow relation Equation (1)

(d) _ A*lTlfn .

Uij = Eij
(d) 1 4=l . _n—l
Uz'j =A"TAw € n Eij
(d  4-1..n-1,
Uij = A n € n Eij . (6)

The above relation allows us to calculate the stress state if the strain rates are known
(from measurements). Notice that only deviatoric stresses can be calculated. The mean
stress (pressure) cannot be determined because of the incompressibility of the ice. Com-
paring Equation (6) with (2) we see that the shear viscosity is

1 ,_n—1

1
=_—A"né n. 7
n=g (7)
Polycrystalline ice is a strain rate softening material: viscosity decreases as the strain
rate increases.

Notice that the viscosity given in Equation (7) becomes infinite at very low strain rates,
which of course is unphysical. One way to alleviate that problem is to add a small
quantity 7, to obtain a finite viscosity

_ 1 1w\ '
771:<2Ane n) +np (8)
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2 Simple stress states

To see what Glen flow law of Equation (1) describes, we investigate some simple, yet
important stress states imposed on small samples of ice, e.g. in the laboratory.

a) Simple shear
. d)\3 3
Exz = A(aéy)) = Aoy, 9)

This stress regime applies near the base of a glacier.

b) Unconfined uniaxial compression along the vertical z-axis

Opz = Oyy =0

2 1
O'Si) = go-zz; U;i) = 0-@(/(31;) = _go'zz
. . 1. 1
Egp = Eyy = —§5ZZ = —§Aogz
. 2

This stress system is easy to investigate in laboratory experiments, and also applies in the
near-surface layers of an ice sheet. The deformation rate is only 22 % of the deformation
rate at a shear stress of equal magnitude (Eq. 9).

c) Uniaxial compression confined in the y-direction

Ozz = 0; éyy =0; Egx = —E€zz
() 1 ) 1
Ty =3 (20yy — 02.) = 0; Ty = 502
1
Ugfalc) = *Ug) =5 (oyy +022) = =502z
3 2
. 1

This stress system applies in the near-surface layers of a valley glacier and in an ice shelf
occupying a bay.
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d) Shear combined with unconfined uniaxial compression

Opgx = Oyy = Ogy = Oy, =0
2
ag) =302 = —209(;? = —203%)
1
7—2 = gagz + O-iz
. . . 2 5
Ery = —2645 = —26yy = gAT Oss

€pr = ATzazz

This stress configuration applies at many places in ice sheets.

3 Field equations

To calculate velocities in a glacier we have to solve field equations. For a mechanical
problem (e.g. glacier flow) we need the continuity of mass and the force balance equations.
The mass continuity equation for a compressible material of density p is (in different
notations)

dp  O(pu) | 9(pv)  O(pw) _

ot " or oy " oz (132)
dp
9. _ 13b
5t +V-(pv)=0 (13b)

If the density is homogeneous (E%pi = 0) and constant (incompressible material 37 = 0)

we get, in different, equivalent notations

trée=¢;=0 (14&)

V'V:’UZ"Z':O (14b)

€pe T E€yy +E22=0 (14c)
Oou Ov Ow

B T E e 14d

ox + dy * 0z 0 (14d)

The force balance equation describes that all forces acting on a volume of ice, including
the body force b = pg (where g is gravity), need to be balanced by forces acting on the
sides of the volume. In compact tensor notation they read

Vo+b=0, (15a)
The same equations rewritten in index notation (summation convention)
0o
0ijj +bi = 856j +b,=0 (15b)

mass continuity

force balance
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and in full, unabridged notation

00 24 N 00y n 00, n _0
ox oy 0z Pz =
0oy, Ooyy 00y,
ox + oy + 0z
00, 00y 00,

_|_

. =0
Ox oy * 0z trg

+pgy =0 (15¢)

These three equations describe how the body forces and boundary stresses are balanced
by the stress gradients throughout the body.

Recipe

A recipe to calculate the flow velocities from given stresses, strain rates, sym-
metry conditions and boundary conditions

1.

determine all components of the stress tensor o;; exploiting the symme-
tries, and using the flow law (1) or its inverse (6)

calculate the mean stress oy,

calculate the deviatoric stress tensor ag)
calculate the effective shear stress (second invariant) 7

calculate the strain rates ¢;; from 7 and Jg-j) using the flow law
integrate the strain rates to obtain velocities

insert boundary conditions

4 Parallel sided slab

We calculate the velocity of a slab of ice resting on inclined bedrock. We assume that
the inclination angle of surface o and bedrock 8 are the same. For simplicity we choose
a coordinate system K that is inclined, i.e. the z-Axis is along the bedrock (Figure 1).
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Figure 1: Inclined coordinate system for a parallel sided slab.

Body force In any coordinate system the body force (gravity) is b = pg. In the untilted
coordinate system K’ the body force is vertical along the &4 direction

b= —pgé}. (16)
The rotation matrix describes the transformation from K’ to K

cosa 0 —sina

sima 0 cosa
and therefore
b = az-jb;
with the components
b1 = anb] + a1zl + a13bl

=cosa-0+0-0—sina(—g)

Symmetry The problem has translational symmetry in the x and y direction. It follows
that none of the quantities can change in these directions

0() _ o) _
%—O and 8—y—0. (18)

Furthermore no deformation takes place in the y direction, i.e. all deformation happens
in the z, z plane. This is called plane strain and leads to the constraints

Eyn = Eyy = Eyz = 0. (19)
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Boundary conditions The glacier surface with the face normal n is traction free

N L 0 ! A
¥n)=0 <= on=0 < o|(0]=0 = oy: | =0. (20)
1 Oz

The boundary conditions at the glacier base are v, = uy, vy = 0 and v, = 0.

Solution of the system We now insert all of the above terms into the field equations
(14) and (15). The mass continuity equation (14d) together with (18) leads to

Ov,
0z

0+0+—==0. (21)

The velocity component v, is constant. Together with the boundary condition at the
base (v, = 0) we conclude that v, = 0 everywhere.

Most terms in the momentum balance equation (15¢) are zero, and therefore

agzz = —pgsina, (22a)
a;i’z =0, (22b)
(9;zzz = pgcos . (22¢)

Integration of Equation (22a) and (22c¢) with respect to z leads to

Oy = —pgzsina + cq,

Ozz = pPYgzCcosa + ca.

The integration constants ¢; and c2 can be determined with the traction boundary con-
ditions (20) at the surface (zs = h) and lead to

0z:(2) = pg(h— z)sina, (23a)
0..(2) = —pg(h — z) cos a. (23b)

We see that the stresses vary linearly with depth.

To calculate the deformation rates we exploit Glen’s Flow Law (1), and make use of
the fact that the strain rate components are directly related to the deviatoric stress
components. Obviously we need to calculate the deviatoric stress tensor o(®. Because
of the plain strain condition (Eq. 19) and the flow law, the deviatoric stresses in y-

direction vanish O'i(;l) = 0. By definition 07%) = Oyy — O so that o,y = 0y, where use

has been made of the definition of the mean stress o,, := %Uii = %(Ua:x +oyy+022).
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Using again Glen’s flow law we also see that (Eq. 18a)

Ovg 1

Exg = B =0 leads to ag? =0 and 0z = O

Therefore all diagonal components of the stress tensor are equal to the mean stress
Om = Ogg = Oyy = 0, = —pg(h — z) cos v (using Eq. 23b). The effective stress 7 can
now be calculated with the deviatoric stress components determined above

o) = ol = 5 — g,

so that

Tz Tz

= 10(4)0@) _! (2(0'(d))2) = (D)2, (24)
With Equation (23a) we obtain

()

T = |0z

= pg(h — z) sin a. (25)

After having determined the deviatoric stresses and the effective stress, we can calculate
the strain rates. The only non-zero term of the strain rate tensor is

€po = AT 10l = A (pg(h — 2)sina)" ! pg(h — 2) sina

Tz

= A(pg(h — 2)sina)". (26)
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The velocities can be calculated from the strain rates
. 1 /0v, Ov,
2T g (a i )

where the second term vanishes. Integration with respect to z leads to

v(2) = 2/02 €22(2) dz

2A
=~ (pgsina)™(h — 2)"* + k

With the boundary condition at the glacier base v;(0) = wj we can determine the constant

k as
24

k= o (pgsina)"H" !
and finally arrive at the velocity distribution in a parallel sided slab
u(z) =v,(2) = — 1(pg sina)” (H"' — (h—2)")  + up (27)
—~—
deformation velocity sliding velocity

This equation is known as shallow ice equations, since it can be shown by rigorous scaling
arguments that the longitudinal stress gradients %U;" and %‘;y_i are negligible compared to
the shear stress for shallow ice geometries such as the inland parts of ice sheets (except

for the domes).

5 Flow through a cylindrical channel

Ar 7/ 7

Figure 2: Coordinate system for a cross section through a valley glacier.

Most glaciers are not infinitely wide but flow through valleys. The valley walls exert a
resistance, or drag on the glacier flow. To see how this alters the velocity field we consider

10
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a glacier in a semi-circular valley of radius R and slope a. The body force from a slice
has to be balanced by tractions acting on the circumference in distance r from the center
(in a cylindrical coordinate system with coordinates x, r and ¢)

2
OraTr AL = fpg%Ax sina,
1
Ory = —Qrpgsinoz. (28)

Since the only non-zero velocity component is in z-direction, most components of the
strain rate tensor vanish. Under the assumption of no stress gradients in z-direction and
equal shear stress along the cylindrical perimeter this leads to

im0 = ool ol 2
and also Uﬁi) = 0’;62 =0 (30)

The second invariant of the deviatoric stress tensor is 7 = |o,| = %T‘pg sin . To calculate
the velocity we use the flow law (1)

1du

1 n
2qr = Eor = AT oy = —A (2,09 sina> r"

Integration with respect to r between the bounds 0 and R gives

Rn+1

u(0) — u(R) = v-(0) — vy (R) = 24 <;pg sin a)n (31)

n+1"

The channel radius R is equivalent to the ice thickness H in Equation (27) and thus

1 n
Udef, channel = <2> Udef, slab - (32)
The flow velocity on the center line of a cylindrical channel is eight times slower than
in an ice sheet of the same ice thickness. For further reference we also write down the
velocity at any radius

() =u(0) ~24 ( Spgsina) T (33
u(r) =u pPgsina ) ———.
The ice flux through a cross section is (for ug = 0)
R 2 n R
R 24 (1
q:/o u(’r)m“dr:u(())%— = <2pgsina> 7T/0 2 dr
R? 2 TR?
=ull) 5~ 0
7 R? 2 TR?2n+1
= _ —_ — R 4
u(0) 2 < n+3) w(0) 2 n+3 (34)

11
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Atmosphere w
n
Fy (x,)=0
v Ice

Figure 3: Geometry of the free surface Fs(x,t) = 0. n is the unit normal vector, v is the ice
velocity and w the velocity of the free surface.

The mean velocity in the cross section is defined by ¢ = @ # and is

n—+1

u = u(0 35
i u(0) (3)
The mean velocity at the glacier surface is
I 24 (1 " Rl n+1
u = — d = O — i = 0 36
u R/o u(r) dr U()n+1<2pgsma) o =0 = (36)

6 Free Surface

The free surface of a glacier can be regarded as a singular surface, given in implicit form
by
Fy(x,t) = z — h(z,y,t) =0, (37)

which can be interpreted as a zero-equipotential surface of the function Fy(x,t), with
unit normal vector

no Vi

IVF|’

which points into to atmosphere (Fig. 3), and VF; = (—0h/dx,—0h/Jy,1). As a direct

consequence of Eqn. (37), the time derivate of fg following the motion of the free surface
with velocity w must vanish,

(38)

dFy  OF;

= -VFs =0. 39
o7 En +w-VFEs=0 (39)
Let v be the ice surface velocity, then we can introduce the ice volume flux through the

free surface,

at =(w—v)-n, (40)

12
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which is the accumulation-ablation function or surface mass balance. The sign is chosen
such that a supply (accumulation) is counted as positive and a loss (ablation) as negative.
With this definition and Eqn. (38), Eqn. (39) can be rewritten as

OF;
ot

+v-VE, = —|VFE|aZ, (41)

or, by inserting Fs = z — h,
oh oh oh

— Vg + Uy — v, = —|VFy|ay. 42
ot x8$ yay z | S| S ( )
Since this condition has been derived by geometrical considerations only, it is called
the kinematic boundary condition. Provided that the accumulation-ablation function is

given, it evidently governs the evolution of the free surface.

In a similar manner to the upper free surface, a kinematic boundary condition for the ice
base can be derived:

Fb(xat) =z b(ﬂj‘,y,t) =0, (43>
and OF
a—tb+v~VFb = —|VFR|ai, (44)

or, by inserting F}, = z — b,

0b 0b 0b 1
§+U$%+Uyaiy —Vy = IVFb‘CLb. (45)
Now, by combining the continuity equation (14d) with the kinematic boundary conditions
(42) and (45), we can derive and evolution equation for the ice thickness H(x,y,t) =
h(z,y,t) — b(x,y,t). First we integrate (14d) from the ice base to the upper surface:

h
Ovy  Ovy  Ov,
— 4+ d 46
/b(6m+0y+8,z>z (46)
Using Leibnitz’s rule and
h
ow

[ Graz =l — ulsy (47)

we arrive at

a/hvdz+a/hvdz—v| %—U‘ @+v|
) T 6y ) Y :ch:haw ylz=h zlz=h

ox y
ob ob
r|lz=bA z=by_ — Uz|z=b — Y. 4
+’U‘ bax—l-vy‘ bay ’U‘ » =20 (8)

With the kinematic boundary conditions (42) and (45), this yields

d(h—0b) o (" o [" 1 1
6975+89:/b vxdz—kay/b vydz — |VERJa + [VFplat =0.  (49)

13
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By introducing the volume flur Q as the vertically-integrated horizontal velocity, that

Qe [ [lvedz )
a=( g )- ( 1 vz ) =V (%)

where v is the depth-averaged velocity. We obtain

OH
S =-V-Q+ |V Fat — |V Fy|ai. (51)

Recall that aé- and af; are perpendicular to the free surface and the ice base. However,
since %—Ig refers to the vertical direction, we introduce a; = |VFs|ag and a = |[VF|ai,
which are in the vertical direction (not shown, see Greve and Blatter (2009) for a deriva-
tion).

0H

E:_V‘Q—i_as_ab‘ (52)

This is the ice thickness equation, which is the central evolution equation in glacier
dynamics.
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